1. Introduction and preliminary results. All rings will be commutative with unit element. The field of fractions of a domain R will be denoted by Fr(R). Let R ⊆ S be domains and take a prime ideal p ∈ Spec(R). Then we write k(p) = Fr(R/p) and denote the transcendence degree of Fr(S) over Fr(R) by tr deg 
.,X n ). Let P ∈ Spec(R[n]), P lies over p if P ∩R = p.
We call P ∈ Spec(R [1] ) a superior of p if P lies over p and P ≠ p [1] . Let 
is called the canonical extension of v to K(X). We have that k w = k v (X).
The following classical results will be used in this paper; the proofs can be found in [ 
(1.4)
In this paper, we will study chains of valuations of a polynomial ring A[X 1 , ...,X n ] and of a field extension F of Fr(A). We give the length of chains of valuations which pass through a given valuation, and we characterize when a valuation is maximal or minimal in the following situations:
(a) all the valuations are centered on the same ideal, Proof. Let k = k v and let w 0 be the canonical extension of v to K(X). It is well known that k w 0 = k(X). Let w be a valuation on k(X), positive on k [X] and with center (X) on k [X] , and w 1 = ww 0 the composite valuation of w and w 0 . The valuation w 0 < w 1 as w is not trivial, so A w 1 ∩ K ⊆ A w 0 ∩ K = A v and it is easy to see that according to Proposition 1.3, n − 1 < tr deg 
all with center Q, such that tr deg
for each j ∈ {0,...,α}. Therefore, w k 1 +j has center q on A, and the chain of valuations w 0 < ··· < w k meets the requirements. 
Proof. Let w be a valuation on K(n) (resp., L). We first show that w is a valuation on A[n] (resp., L) extending v if and only if w is a valuation on
and w extends v.
To finish the proof, it suffices to apply Theorems 2.4 and 2.6 to w and m(v) ∈ Spec(A v ). 
is the supremum k of the integers k for which there exists a chain of valuations Conversely, let k 1 ∈ N with k 1 ≤ ht(m(w)/qA w ). Then there exists a chain
, L) are all with center q on A. For each i ∈ {0,...,k 1 }, let w i be the valuation on K(n) (resp., L) associated to (A w ) P i . Then w k 1 < ··· < w 0 = w are valuations on A(n) (resp., L), all with center q on A.
(b) The proof follows immediately from (a) and the proof of Proposition 2.7. Proof. The proof is immediate from the preceding proposition.
Corollary 2.12. If the transcendence degree of L on K is infinite, then there is no upper bound on tr deg

The symbol δ((0), Q) in A[n].
Throughout this section, A will be an integral domain, (0) ≠ q a prime ideal of A, K the quotient field of A, and n will be a nonnegative integer. Proof. Let δ be a strictly positive element of the value group G v of v. We define the valuation w on K(X) as follows: if
It is well known (see [1] ) that tr deg kw kv = 1. We show that w is a valuation on 
Proof. (a) Assume that
A is integrally closed in the algebraic closure K of K. We have two different cases:
(1) q is a maximal ideal of
Since r i is integral over A, so r i ∈ A, and 
We conclude by remarking that
Notation 3.5. Take q 1 ⊂ q 2 in Spec(A). We will denote by δ(q 1 ,q 2 ) the maximal value d for which there exists a valuation v on Fr(A/q 1 ) with center q 2 /q 1 on A/q 1 such that tr deg
is the greatest number n such that there exists a chain of valuations v 0 < ··· < v n on A with center q 2 on A.
Proof. In the case where Q = q[n], the result is well known (see [2] ). 
and consequently = tr deg
and therefore tr deg 
is an Fr(A/q 1 )-algebra of finite type, and therefore a Noetherian domain according to [3] . Then
We finish this section studying the case of trivial valuations and we assume that q = (0). 
Lemma 4.1. Let w be a valuation on K(n). Then w is maximal in A(v, Q) if and only if w is maximal in {w | w is a valuation on
A v [n] with center Q 1 = m(w)∩A v [n]} and Q 1 is maximal in {Q | Q ∈ Spec(A v [n]) with Q ∩A[n] = Q}.
Proof. Suppose that w is maximal in A(v, Q). Assume that there exists
According to [5] , we have A(v, Q) . 
Proof. First, suppose that w is maximal in
Conversely, assume that inf(tr deg We conclude that s = h and finish the proof. 
